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Abstract
We study theoretically the anomalous Hall effect due to the vector spin chirality carried by the
local spins in the s-d model. We will show that the vector spin chirality indeed induces local
Hall effect in the presence of the electron spin polarization, while the global Hall effect vanishes if
electron transport is homogeneous. This anomalous Hall effect can be interpreted in terms of the
rotational component of the spin current associated with the vector chirality.
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I. INTRODUCTION
The anomalous Hall effect is the Hall effect due to the magnetization in ferromagnets.
This anomalous contribution is usually attributed to the spin-orbit interaction, and is usually
proportional to the magnetization1,2,3,4. Recently, it was found that some manganese ferro-
magnetic pyrochlores can exhibit abnormal anomalous Hall effects5,6 different from the con-
ventional ones. The behavior was due to the spin Berry phase associated with the non-trivial
spin configuration (spin chirality) driven thermally or by the geometrical frustration5,6,7.
Such anomalous Hall effect was first pointed out in the strong Hund-coupling limit5, con-
sidering a half-metallic nature of the experimental systems. The weak coupling limit was
studied by applying the linear response theory and the perturbation expansion with respect
to the s-d interaction8. In the perturbation regime, anomalous Hall effect was found to be
induced by the scalar spin chirality, Si · (Sj × Sk), which is made from three localized spin
Si, Sj, and Sk (i, j, and k represent the position). The spin chirality is odd under the time
reversal and even under the space inversion. The scalar chirality becomes a nonzero and
gives rise a large anomalous Hall effect when the spin configuration is noncoplanar. The
chirality reduces to the spin Berry phase in the slowly varying spin structures9.
The spin Berry phase and scalar chirality have been shown to induce spontaneous charge
current10,11. This circulating current was pointed out to be the origin of the Hall effect
by the spin scalar chirality11. In the context of spintronics, another spin chirality that is
associated with the spin current is of particular interest. This is the vector spin chirality,
Si × Sj, carried by non-collinear local spins. The vector chirality is even under the time
reversal and odd under the space inversion. The vector spin chirality has shown to drive
electric polarization in Mott insulators through the spin-orbit interaction such as multi-
ferroic manganese oxides12,13,14,15.
The aim of the paper is to investigate the role of the vector spin chirality in the anomalous
Hall effect in metals. The Hall conductivity is calculated based on the s-d model taking
account of vector spin chirality perturbatively. We consider the case where the conductive
electron has the uniform spin polarization and in the presence of the scattering by non-
magnetic impurities. The spin-orbit interaction is not taken account of. The localized spin
are treated as classical and static. We demonstrate that the vector chirality indeed drives
the local Hall effect if the conductive electron is uniformly spin polarized.
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II. HALL CONDUCTIVITY
The Hamiltonian we consider is written as H0 +Hsd +Hem, where
H0 =
∑
k,σ=±
ǫk,σc
†
k,σ(t)ck,σ(t) (1)
Hsd = −Jsd
∑
kk′
Sk′−k · (c
†
k′(t)σck(t)), (2)
are the free electron part and the s-d interaction respectively. Here σ = ± denotes the
electron spin and ck,σ(t) and c
†
k,σ(t) are the electron annihilation and creation operators
(ck(t) ≡ (ck,+(t), ck,−(t))). The conductive electron energy is ǫk,σ(≡
~
2k2
2m
− ǫF − σM), where
m is the electron mass, M is the uniform spin polarization of conduction electron(due to
the magnetization or the external field), and ǫF is the Fermi energy. Uniform polarization is
chosen as along the z axis. Localized spin at the position x is written as S(x) =
∑
k e
ik·xSk,
and σα(α = x, y, z) are the 2 × 2 Pauli matrices.
The effect of the impurity scattering is taken account of by the lifetime, τ , of the elec-
trons. The term Hem represents the interaction with the applied electric field, Hem =
−
∫
dxj(x) · a(x, t), where a(x, t) is the U(1) vector potential, related to the applied elec-
tric filed. Assuming the case of spatially uniform electric field, the Hem is written as
Hem = −
∑
k,ν,σ=±
ieiΩt
Ω
e~
m
kνEνc†k,σ(t)ck,σ(t), (3)
where Ω is the frequency of the external electric field. Considering the static Hall conductiv-
ity, Ω is chosen as zero at the end of the calculation. The charge current density is defined
as
j(x) =
e~2
2imV
∑
k,k′
∫
dω
2π
(k + k′) ei(k
′
−k)·xTr
[
G<k,k′,ω
]
, (4)
where Tr represents trace over the spin indices and G<k,k′,ω is the Fourier transform of the
lesser Green’s function defined as G<k,k′,t ≡ (i~)
−1〈c†k(t)ck′(t)〉 (G
< is a 2 × 2 matrix in the
spin space), with ω being the frequency of the electron. We include the exchange interaction
perturbatively to the second order, considering the weak exchange interaction, Jsd ≪ ~/τ
8.
We calculate the local (i.e., x-dependent) current density along the y-direction. The elec-
tric field is applied in the x-direction. The contribution to the current is diagrammatically
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FIG. 1: Vector chirality contribution to the Hall conductivity in the liner order in the applied field,
Ex, represented by the wavy lines. Dotted lines represent the interaction with local spins, S.
shown in Fig.1. The first contribution (A) in Fig.1 is written as
j(A)y (x) =− lim
Ω→0
~
2V Ω
J2sdEx
(
e~
m
)2 ∑
kk′k′′
∑
α,β
∫
dω
2π
(k + k′)yk
′
xExS
α
k−k′′S
β
k′′−k′e
i(k′−k)·x
× Tr[Gk,ωσαGk′′,ωσβGk′,ωGk′,ω+Ω]
<. (5)
The lesser component can be expanded by using retarded and advanced Green’s function
as16
[Gk,ωσαGk′′,ωσβGk′,ωGk′,ω+Ω]
<
= (f(ω + Ω)− f(ω))GRk,ωσαG
R
k′′,ωσβG
R
k′,ωG
A
k′,ω+Ω
+ f(ω + Ω)GRk,ωσαG
R
k′′,ωσβG
R
k′,ωG
R
k′,ω+Ω − f(ω)G
A
k,ωσαG
A
k′′,ωσβG
A
k′,ωG
A
k′,ω+Ω, (6)
where f(w) is the Fermi distribution function is given as f(w) = −θ(w) at zero temperature
(θ(w) is the step function). We neglect the terms containing only GR’s or GA’s, which are
higher order of ~
ǫFτ
≪ 1 compared with the contribution of the GR and GA mixed. Then
Eq. (6) is written as,
[Gk,ωσαGk′′,ωσβGk′,ωGk′,ω+Ω]
< ≃ −Ωδ(ω)GRk σαG
R
k′′σβG
R
k′G
A
k′. (7)
Here GRk and G
A
k
(
=
(
GRk
)∗)
are retarded and advanced Green’s functions with zero fre-
quency. The Green’s functions include the effect of the uniform magnetization, and so are
4
2× 2 diagonal matrices, e.g.,
GRk =

 GRk+ 0
0 GRk−

 , (8)
where the components are given as GRkσ = (−ǫkσ +
i~
2τ
)−1. From Eqs. (5) and (7), the
contribution from the first and second diagrams of Fig.1 (A and A∗) to the local Hall
conductivity is obtained as,
σ(A+A
∗)
xy (x) =
~J2sd
4πV
(
e~
m
)2 ∑
kk′k′′
∑
α,β
kyk
′
xS
α
k−k′′S
β
k′′−k′e
i(k′−k)·xTr[GRk σαG
R
k′′σβG
R
k′G
A
k′ + c.c],
=
∫∫
dx1dx2A
(A)(x,x1,x2) (S1 × S2)
z, (9)
where
A(A)(x,x1,x2) ≡
~J2sd
2πV 3
(
e~
m
)2∑
σ
σ
×Im
[∑
k
∂x10e
−ik·x10GRk,σ
∑
k′
∂y20e
ik′ ·x20 |GRk′,σ|
2
∑
k′′
eik
′′ ·x12GRk′′,−σ
]
. (10)
Here Si ≡ S(xi), (i = 1, 2) are the localized spins in the real space, and xi0 ≡ xi − x,
x12 ≡ x1 − x2. Similarly, we obtain the contribution (B) in Fig. 1 as
σ(B)xy (x) =
∫∫
dx1dx2A
(B)(x,x1,x2) (S1 × S2)
z, (11)
where
A(B)(x,x1,x2)) = −
~J2sd
2πV 3
(
e~
m
)2∑
σ
σ
× Im
[∑
k
∂y10e
−ik·x10GRk,σ
∑
k′
eik
′·x20GAk′,σ
∑
k′′
∂x12e
ik′′ ·x12 |GRk′′,−σ|
2
]
. (12)
The total local Hall conductivity, σxy(x) = σ
(A+A∗)
xy (x) + σ
(B)
xy (x), is therefore obtained as
σxy(x) =
∫∫
dx1dx2A12(x) (S1 × S2)
z, (13)
where
A12(x) =
−J2sdτ
πV 3
(
e~
m
)2
(x10 × x20)z
×
∑
σ
σ Im
[
i
I ′σ(r10)Im [I
′
σ(r20)] I−σ(r12)
r10r20
+ i
I ′σ(r10)Im
[
I ′−σ(r12)
]
I∗σ(r20)
r10r12
]
.
(14)
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FIG. 2: The local Hall effect due to the vector chirality, S1 × S2, is due to the local spin Hall
effect, which leads to deviate the electron motion in the opposite sense depending on the electron
spin (represents by the tiny arrow with circles). The spins of the Hall effect are opposite in the
regions y > 0 and y < 0 due to the different sign of the geometry factor. Therefore, global Hall
effect vanishes if the electron transport is homogeneous.
The correlation function is given as Iσ(rij) =
∑
k e
ik·xijGRk,σ ≃ −
Neσπ
kFσ rij
e−
rij
2ℓσ eikFσrij , (kFσ ≡
(1 − σ M
2ǫF
)kF) and I
′(r) denotes its derivative. Here Neσ = Ne
√
1− σM
ǫF
, (Ne =
mV kF
2π~2
) is
the spin-dependent density of states. The function I(rij) depends only on the distance,
rij ≡ |xij|. It oscillates with wave length of kFσ and decreases within the distance of the
mean free path, ℓσ ≡
~kFσ τ
m
. When M
ǫF
is small and neglecting higher orders of (kFℓ)
−1, the
coefficient A12(x) is estimated as
A12(x) ≃
(
(x10 × x20)
z
r10r20
+
(x12 × x10)
z
r10r12
)(
e~
m
)2
J2sdMN
3
e τ
4ǫFV 3
1
r210
e−
r10+r20+r12
2ℓ . (15)
The local Hall effect vanishes in the absent of spin polarization, as seen from the fact
that A12(x) = 0 if M = 0. Since vector chirality is even under the time reversal, finite M is
required to induce σxy, which is odd under the time reversal. In other words, the Hall effect
is due to the local spin Hall effect17 where the electron orbit is deviated by the vector spin
chirality in the opposite sense depending on its spin (Fig. 2). We also note that uniform
Hall conductivity, given as the spatial integral of σxy(x), vanishes if the electron transport is
homogeneous and if the system size infinity. In fact, A12 has a property of A12(x) = −A12(x
′)
at the position x′ = x1+x2−x and this symmetry cancels out the global Hall conductivity.
This is explained also in Fig. 2. When the two local spins are on the x axis (y = 0), the local
Hall effects in the regime y > 0 and y < 0 have opposite sign due to the opposite sign of the
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geometrical factor, (x10 × x20) and (x12 × x10)z. Therefore, the global Hall effect vanishes
except in the case where the electron transport is asymmetric withe respect to the spin
structure. Nevertheless, we believe that finite global Hall conductivity can arise in reality,
since electron transport is not necessarily uniform and the dominant transport channel can
be affected by a net vector chirality.
When the localized spins is slowly varying compared to the conduction electrons, i.e.,
ℓ≫ λ, where λ is the spatial scale of the local spin structure, we can expand the local spin
as Sx1 ≃ Sx + (x10 ·∇x)Sx + · · · . The Hall conductivity can be then simplified as
σxy(x) = α(∂xS(x)× ∂yS(x))
z, (16)
with the coefficient α given by
α =
i
2V
(
e~
m
)2
J2sd
∑
kσ
σGRk,σG
R
k,−σ|G
R
k,σ|
2 (17)
≃
3π
2
σB
MJ2sdτ
~
((
M
ǫF
)2
+
1
4
(
~
ǫFτ
)2)−1
, (18)
where σB =
e2neτ
m
is Boltzmann conductivity and ne =
1
3
ǫFNe is the electron density.
The behavior of the coefficient of α depends on the magnitude of the spin polarization,
namely, α ∼ 6πM
ǫF
σB if
Mτ
~
≪ 1, and α ∼ 3π
2
ǫF
M
σB if
Mτ
~
≫ 1.
From Eq. (16), we see that the anomalous Hall effect is related to the spin current carried
by the localized spins. In fact, the local spin current is given in the static case and in the
absent of the spin-orbit interaction as18,
Jzs,µ = ξǫijzS
i∇µS
j , (19)
where ξ is a constant (the superscript (subscript) of Jzs,µ represents the direction in the
spin (real) space). This spin current is a nonlinear magnetic current of local spins (and is
different from the conventional magnetic current in the electromagnetism, JνM = ∇×M
ν).
The local Hall conductivity of Eq. (16) is thus written by the rotation of vector spin chirality
as σxy(x) =
α
ξ
(∇× J zs )z. The global Hall conductivity is then written as
σxy =
∫∫
dxdy
α
ξ
(∇× J zs )z
=
α
ξ
∮
dℓ · J zs , (20)
where dℓ denotes the line integral at the boundary. Equation (20) indicates that Hall voltage
is induced by the rotation of the spin current.
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FIG. 3: The Hall current jy is interpreted as due to the rotational spin current at the boundary
associated with the local spin structure.
III. DISCUSSION
The result of the local Hall conductivity, Eq. (13), is very similar to the expression
of the Dzyaloshinskii-Moriya interaction, HDM =
∑
ijDij · (Si × Sj), where Dij is a co-
efficient and i, j represent the position. We therefore expect that the systems having
Dzyaloshinskii-Moriya interaction exhibit the Hall effect due to the vector spin chirality
as σxy(x) ∝ A12(x)D
z
12. The vector chirality effect would be seen in the system with helical
spin structures such as MnSi19 and AuFe20.
Equation (13) has the similar structure as the electric polarization in the magnetic in-
sulator. In fact, the local vector spin chirality was pointed to induce the polarization P as
P = a(x2−x1)× (S1×S2), where a is a constant proportional to the spin-orbit interaction
and exchange interaction13,14,15. This relation was confirmed experimentally in manganese
oxides with helical and conical spin structures21. One should note that there is a difference
between the anomalous Hall effect in metals and the spontaneous electric polarization in in-
sulators. Namely, while the spontaneous polarization arises when the spin-orbit interaction
is present, the coefficient for the Hall effect, A12 of Eq. (13), does not contain the spin-orbit
interaction.
Let us apply our result explicitly to the typical spin structures, shown in Fig. 4. Figure.
4(a) shows the helical spin structure with the spins lying in the plane perpendicular to the
current (x-direction). The spin is written as S(x) = S(0, sin(q · x), cos(q · x)), where q
represents the pitch of the helical structure. In this case, the vector spin chirality in the
z-direction, Cz = (S1 × S2)
z, vanishes and therefore the Hall effect does not arise. When
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FIG. 4: The local Hall current in typical spin structures. (a) The helical spin structure in the y-z
plane. No Hall current arises. (b) The helical spin structure in the x-y plane. Local Hall current
is induced. (c) The conical spin structure also induces the local Hall current.
the helical spins are within the x-y plane (Fig. 4(b)), spin structure is given as S(x) =
S(cos(q ·x), sin(q · x), 0), and the vector chirality is (S1 × S2)
z = S2 sin (q · x12). Similarly,
the conical spin structure shown in Fig. 4(c), with S(x) = S(cos(q · x), sin(q · x), Sz), (Sz
is a constant), results in (S1 × S2)
z = S2 sin (q · x12) and finite local Hall effect arises.
A typical case where the Hall effect arises in the whole sample is the case with a vortex.
For a vortex shown in Fig. 5, the spin configuration is given as
S = S(sin θ cosφ, sin θ sinφ, cos θ), (21)
where θ, φ represent the azimuthal and polar angles in polar coordinates. The Hall conduc-
tivity in this case is calculated from Eq.(20),
σxy = −π
α
ξ
S2Nvor. (22)
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FIG. 5: The local Hall current caused by a vortex spin structure.
The Hall conductivity for the vortex is therefore finite and is proportional to the total vortex
number Nvor.
Finally, we note that the line integral of the spin current in Eq. (20) is equivalent to
the SU(2) gauge flux. The conventional anomalous Hall conductivity can be induced by the
SU(2) gauge flux5. In fact, SU(2) gauge field associated with the spin structure is given as22
Aµ =
1
2S2
S ×∇µS −
1
2S
(1− cos θ)∇µφ · S, and therefore js,µ ∝ A
⊥
µ , where ⊥ indicates the
component perpendicular to S. The Hall conductivity, Eq. (20), is thus written in terms of
the perpendicular to component of the SU(2) gauge flux as
σxy =
2S2α
ξ
∮
dℓ · (A⊥)z. (23)
The Hall effect studied here is therefore interpreted as due to an U(1) projection of the
SU(2) phase accumulated by the conductive electron. One should note that this projection
is different from the scalar spin chirality or the spin Berry phase case. The U(1) phase
governing the scalar chirality is given by the parallel component, A‖ ≡ (A ·S), of the gauge
field.
IV. CONCLUSION
We have shown that the anomalous Hall conductivity is caused by the vector spin chirality
at least locally in the weak s-d (Hund) coupling limit if the electron has uniform spin po-
larization, without the spin-orbit interaction. This anomalous Hall effect can be interpreted
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as due to rotation of the spin current associated with the vector chirality. The anomalous
Hall effect is expected if the edge spin current exists as in the quantum spin Hall systems23.
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